ABSTRACT. Conditions are provided for the local compactness of the closed semi-algebra generated by a finite collection of commuting bounded linear operators with equibounded iterates in terms of their joint spectral properties.
INTRODUCTION.
The notion of an abstract locally compact semi-algebra was introduced by Bonsall [1] , who developed a theory of its algebraic properties. Bonsall and Tomiuk [2] showed that a compact linear operator with spectral radius 1 and no generalized eigenvectors corresponding to eigenvalues on the unit circle generates a locally compact closed semi-algebra. This result was generalized by Kaashoek and West [5] who obtained a complete characterization of locally compact closed semi-algebras generated by a single operator with equibounded iterates in terms of its spectrum. Basically, an operator with equibounded iterates generates a locally compact closed semi-algebra if and only if its spectrum on the unit circle consists of a finite number of eigenvalues with finite dimensional eigenspaces. In this article, arising from a Ph.D. thesis [6] , we generalize these results to closed semi-algebras generated by a finite number of commuting operators with equibounded iterates. Banach algebra techniques are used in the proofs. Our results are then applied to the closed semi-algebra generated by a finite set of commuting scalar-type spectral operators [3] .
Some illustrative examples are provided.
In Section 2 we prove the local compactness of the closed semi-algebra generated by a finite number of commuting Radon-Nikolskii operators with equibounded iterates and a common eigenvector at the eigenvalue 1. In Section 3 we give various equivalent characterizations for the local compactness of the closed semi-algebra generated by a finite set of commuting operators with equibounded iterates. Section 4 is devoted to examples.
Throughout this article, if X is a complex Banach space, we denote the Banach algebra of bounded linear operators on X by (X). We denote the spectrum of an operator by a(t), its spectral radius by r(t) and the identity operator by I. Then, because r(s(I-p)) < 1 and r(t(I-q)) < 1, the series defining b is absolutely convergent in the norm of L;(X). Similarly, the series in
is absolutely convergent in the norm of g(X) and we have the estimate I,.,., ,.,llls'(I p)P(I q)ll < 2
Since this upper bound is independent of n, we may apply the principle of dominated convergence and derive that [[c,[[ _< [[b,[[ _< 1, n We now prove the main theorem of this section. THEOREM 3.6. Let s and be commuting operators in :(X) such that r(s) r(t) 1 and 1 a(s) 3 a(t). Then the following statements are equivalent:
(1) The set A(s, t) is conditionally compact and there exists an dement M .Ad such that s^(M) t^(M) 1. (2) The semi-algebra A(s, t) is locally compact, A(s, t) is uniforrrdy bounded and there exists an element M e did such that s^(M)= t^(M)= 1.
(3) The semi-algebra A(s, t) is locally compact, prime and strict.
PROOF.
(1) = (2) The set A(s,t) is conditionally compact and hence bounded in (X).
Thus (s, t) has equibounded iterates. Since sA(M) t^(M) 1, Lemma 3.2 implies that p(1,1) < IIp(,t)ll < Mp(1, 1) for all p(s, t) P(s, t). By Lemma 3.1 the set F {p(s, t) P(s, t)" 0 < p(s, t) < 1} is conditionally compact, since A(s, t) is conditionally compact. Thus the semi-algebra A(s, t) is locally compact.
(2) = (1) Since A(s,t) is locally compact and A(s,t) is uniformly bounded, it is clear that A(s, t) is conditionally compact.
(2) (3) Since A(s,t) is uniformly bounded, there exists K > 0 such that II'Vll < K for + j 1, 2,..-. By Lemma 3.4 it follows that for each a A(s, t) there exists a q R + such that a^(M)= a and cr > K-'llall. 
